Abstract. In this paper, we prove the the continuity for the multilinear commutator associated to the singular integral operator with general kernel on the Besov spaces.
Introduction
With the development of the singular integral operators, their commutators and multilinear operators have been well studied. In [3] [6] [9] [10] [11] , we know that the commutators and multilinear operators generated by the singular integral operators and BM O functions are bounded on L p (R n ) for 1 < p < ∞ are proved by others. In [2] [6] [8] , the boundedness for the commutators and multilinear operators generated by the singular integral operators and Lipschitz functions on L p (R n )(1 < p < ∞) and Triebel-Lizorkin spaces are obtained. In this paper, we will prove the continuity properties for the multilinear commutators related to the singular integral operator with general kernel on the Besov space.
Notations and Results
Throughout this paper, Q will denote a cube of R n with sides parallel to the axes. For any locally integrable function f , the sharp maximal function of f is defined by f # (x) = sup f (x)dx. It is well-known that (see [4] [12] )
For β ≥ 0, the Besov space∧ β (R n ) is the space of functions f such that ||f ||∧ β = sup
where ∆ k h denotes the k-th difference operator(see [8] ). 
To state our results, we first give some definitions(see [1] ). Definition 1. Let T : S → S be a linear operator such that T is bounded on L 2 (R n ) and there exists a locally integrable function
for every bounded and compactly supported function f , where K satisfies: there is a sequence of positive constant numbers {C k } such that for any k ≥ 1,
where 1 < q < 2 and 1/q + 1/q = 1. Suppose b j (j = 1, · · · , m) are the fixed locally integrable functions on R n . The multilinear commutator of the singular integral operator is defined by
Note that the classical Calderón-Zygmund singular integral operator satisfies Definition 1 with C k = 2 −kδ (see [1] [7] [12] ). Also note that when m = 1, T b is just the commutator what we mentioned above. It is well known that multilinear operator are of great interest in harmonic analysis and have been widely studied by many authors (see [9] [10] [11] ). In [10] , Pérez and TrujilloGonzalez prove a sharp estimate for the multilinear commutator.
Denote by χ k the characteristic function of C k and χ 0 the characteristic function of B 0 .
(1) The homogeneous Herz space is defined bẏ
The nonhomogeneous Herz space is defined by
And the usual modification is made when p = q = ∞.
Now we state our theorems as following.
Remark. Theorem 2 also hold for the nonhomogeneous Herz type Hardy space.
Proofs of Theorems
To prove our theorems, we need the following lemmas.
Proof.
It is enough to prove that there exists a constant C 0 such that 1
Following [5] , we will consider the cases m = 1 and m > 1, respectively. We first consider the Case m = 1.
For A 1 (x), by the boundedness of T and Hölder's inequality with
For A 2 (x), taking 1 < r < p < ∞ and p = rt, by Hölder's inequality, we have
For A 3 (x), taking 1 < q < ∞ with 1/p+1/q +1/t = 1, for x ∈ Q, by Hölder's inequality and Lemma 3, we have
Now, we consider the Case m ≥ 2. We have, for
For I 1 (x), let 
For I 2 (x), taking 1 < r < p < ∞, p = rt and
For I 3 (x), taking 1 < r < p < ∞, p = rt, and denote 1 = 
For I 4 (x), set
= 1 with 1/p + 1/q + 1/t = 1, using Hölder's inequality and Lemma 3, we have
This completes the proof of Theorem 1.
Proof of Theorem 2. Fix a ball Q = Q(0, l), there exists 0 ∈ Z such that 2 0 −1 ≤ l < 2 0 . We choose x 0 such that 2l < d(x 0 , x) < 3l. It is only to prove that
We write f 1 = f χ 4Q 0 and f 2 = f χ X\4Q 0 , then
For W 1 , by Lemma 2 and Lemma 4, we get
For W 2 , similar to the estimates of I 4 (x)in Theorem 1, let
, by Hölder's inequality and the Minkowski's inequality, we obtain
−α || b||∧ β ||f ||Kα,∞ This completes the proof of Theorem 2.
